Abstract: We first discuss conditions for stability for uncertain max-plus-linear systems and for uncertain switching max-plus-linear systems, where in the uncertainty description the system matrices live in a union of polyhedra. Based on the newly derived stability conditions, a stabilizing model predictive controller is derived for both uncertain max-plus-linear systems and uncertain switching max-plus-linear systems.
INTRODUCTION
The class of discrete event systems (DES) essentially consists of man-made systems that contain a finite number of resources that are shared by several users all of which contribute to the achievement of some common goal (Baccelli et al., 1992) . In general, models that describe the behavior of a DES are nonlinear in conventional algebra. However, there is a class of DES that can be described by a model that is linear in the max-plus algebra. This class of max-plus-linear (MPL) systems can only characterize synchronization and no concurrency or choice. In switching MPL systems the system can switch between different modes of operation, in which the mode switching depends on a switching mechanism. In this paper we will consider the control of both uncertain MPL systems and uncertain switching MPL systems.
In contrast to conventional linear systems, where noise and disturbances are usually modeled by including an extra term in the system equations (i.e., the noise is considered to be additive), the influence of noise and disturbances in (switching) MPL systems is not max-plus-additive, but max-plus-multiplicative. This means that the system matrices will be perturbed and as a consequence the system properties will change. Ignoring the noise can lead to a bad tracking behavior or even to an unstable closed loop. A second important feature is modeling errors. Uncertainty in the modeling or identification phase leads to errors in the system matrices. It is clear that both modeling errors, and noise and disturbances perturb the system by introducing uncertainty in the system matrices. Sometimes it is difficult to distinguish the two from one another, but usually fast changes in the system matrices will be considered as noise and disturbances, whereas slow changes or permanent errors are considered as model mismatch. In this paper we extend the results of van den Boom and De Schutter (2002b) and consider MPL systems and switching MPL systems in a single framework. We distinguish between two characterizations: static uncertainty, in which the system is uncertain but the system matrices are constant, and dynamic uncertainty, in which the uncertainty in the system is affected by bounded noise. We will also show that for both characterizations we can derive stability conditions under quite general assumptions.
Model predictive control (MPC) (Camacho and Bordons, 1995; Maciejowski, 2002 ) is a model-based predictive control approach that has its origins in the process industry and that has mainly been developed for linear or nonlinear time-driven systems. Its main ingredients are: a prediction model, a performance criterion to be optimized over a given horizon, constraints on inputs and outputs, and a receding horizon approach. We show that for MPC of (switching) MPL systems with the given uncertainty description we can use the results of van den Boom and De Schutter (2002b) . Section 4 we show that the MPC method derived in van den Boom and De Schutter (2002b) can be used to control uncertain (S)MPL systems.
MAX-PLUS ALGEBRA AND MPL SYSTEMS

Max-plus algebra
In this section we give the basic definition of the max-plus algebra (Baccelli et al., 1992; Cuninghame-Green, 1979) . Define ε = −∞ and R ε = R ∪ {ε}. The max-plus-algebraic addition (⊕) and multiplication (⊗) are defined as follows:
for any x, y ∈ R ε , and
for matrices A, B ∈ R m×n ε and C ∈ R n×p ε . The matrix ε is the max-plus-algebraic zero matrix: [ε] ij = ε for all i, j.
A max-plus diagonal matrix S = diag ⊕ (s 1 , . . . , s n ) has elements S ij = ε for i = j and diagonal elements S ii = s i for i = 1, . . . , n. The max-plus identity matrix is equal to E = diag ⊕ (0, . . . , 0). The max-plus-algebraic matrix power of a matrix A ∈ R n×n ε is defined as follows:
finite we find that the inverse of S is equal to S Lunze (1997) The structure matrix P s of a matrix P ∈ R n×m ε is an element of {0, ε} n×m , that is defined as follows: for all i = 1, . . . , n, and j = 1, . . . , m, if P ij = ε then P s ij = ε and if P ij = ε then P s ij = 0.
Obviously, a structure matrix describes a class of matrices with the same ε-structure but different finite elements.
Let S mps be the set of functions f defined as:
with x ∈ R n ε and α i,j ∈ R + and β i ∈ R. We write f ∈ S mps (x), if we want to stress that f is a function of x. Lemma 2. (van den Boom and De Schutter, 2002b) The set S mps is closed under the operations ⊕, ⊗, and scalar multiplication by a nonnegative scalar.
. . .
Finally, let {H 1 , H 2 , . . . , H n } be matrices with an identical ε-structure. Then the convex closure Co H 1 , . . . , H n is the smallest convex set containing
, where for ε entries we use the convention:
MPL systems and uncertainty
In Cuninghame-Green (1979); Baccelli et al. (1992) it has been shown that DES in which there is synchronization but no choice can be described by a model of the form
(2) Systems that can be described by this model will be called max-plus-linear (MPL) systems. The index k is called the event counter. For DES the state x(k) typically contains the time instants at which the internal events occur for the kth time, the input u(k) contains the time instants at which the input events occur for the kth time, and the output y(k) contains the time instants at which the output events occur for the kth time.
Assumption A1: The uncertainty is modeled as follows.
Define the matrix
and let
where
. . , L are sets of uncertain system matrices with each set having a specific ε-structure. The sets H (ℓ) , ℓ = 1, . . . , L are assumed to be polyhedra, defined by
The choice of this uncertainty model is motivated as follows:
• For ordinary MPL systems with L = 1 all the uncertain system matrices have the same ε-structure and the uncertainty is mainly because of variation in the finite parameters, such as varying processing times, transportation times, etc. This uncertainty description was already discussed in van den Boom and De Schutter (2002b) . For L > 1 the ε-structure of the uncertain system may change as well.
• We can model uncertainty of switching MPL systems in which the system properties as event order and synchronization between events may change.
For each k we can find parameters µ ℓm (k) where 0 ≤ µ ℓm (k) ≤ 1 such that 
for all k > k 0 . Condition (3) means that the delay between the actual output date y(k) and the due date r(k) remains bounded, and on the other hand, that the stock time will remain bounded. Conditions (4) and (5) mean that the throughput time (i.e. the time between the starting date u(k) and the output date y(k)) is bounded. For a due date defined as
) where r and d are vectors signals and ρ is a scalar, satisfying ρ > 0, this implies finite buffer levels.
Similar to deterministic (switching) MPL systems, stability is not an intrinsic feature of the uncertain (switching) MPL system, but it also depends on the due dates (i.e., the reference signal) of the system. In van den Boom and De Schutter (2002a) we already observed that for MPL systems, the largest max-plus-algebraic eigenvalue of the system matrix A gives an upper bound on the asymptotic slope of the due date sequence. For uncertain (switching) MPL systems we cannot directly use the largest max-plusalgebraic eigenvalue, but we use the concept of maximum growth rate: Definition 3. Consider an uncertain (switching) MPL system satisfying Assumption A1. Define for a given scalar α the matrices A
The maximum growth rate λ of the uncertain (switching) MPL system is the smallest α for which there exists a max-plus diagonal matrix S = diag ⊕ (s 1 , . . . , s n ) with finite diagonal elements s i , such that
Remark 1: Note that for any uncertain (switching) MPL system the maximum growth rate λ is finite, or more precisely:
This fact is easily verified by noting that for λ ′ = max i,j,ℓ,m [A (ℓ,m) ] ij , and using the max-plus identity matrix S = diag ⊕ (0, . . . , 0) one has
for all i, j, ℓ, m. In general the maximum growth rate λ can be easily computed by solving a linear programming problem (van den Boom and De Schutter, 2007) .
Lemma 4. For an uncertain (switching) max-plus-linear system with
and a matrix S satisfying equation (7) we find that
This property immediately follows from the fact that
. . , L}, m = 1, . . . , N } represent the set of all possible permutations of N numbers from the set {1, . . . , L}.
Definition 5. Let the matrix
T be the structure matrix for the set H (ℓ) for all ℓ ∈ {1, . . . , L}. An uncertain (switching) MPL system is weakly controllable if there exists a finite positive integer N such that for all ℓ ∈ {1, . . . , L} the matrices
are row-finite, i.e. in each row there is at least one entry larger then ε. An uncertain (switching) MPL system is strongly controllable if there exists a finite positive integer N such that
(9) are row-finite, i.e. in each row there is at least one entry larger then ε.
In the following theorem we prove that if the system is controllable and the slope of the due-date signal r is not too steep for the system to follow, and we allow the input to only vary in a bounded way around the due date signal, the system is stable. Theorem 6. Consider the uncertain (switching) MPL system (1)- (2) satisfying Assumption A1, with a maximum growth rate λ and due-date signal (6). Define the matrices A (ℓ,m) ρ
Further assume C (ℓ,m) to be row-finite. Let v max be any finite positive number. Now if
(2) the system is weakly controllable,
then any input signal
will stabilize the (switching) MPL system with static uncertainty.
If the system is also strongly controllable, then any input signal
13) will stabilize the (switching) MPL system with dynamic uncertainty.
Proof : First note that condition (10) holds if and only if there exists a diagonal matrix S with finite entries such that
From this it follows that
Let S be the diagonal matrix with finite diagonal elements, such that (10) is satisfied, and define the signals
To every ρ we can associate a shifted system (van den Boom et al., 2005) z
(16) It is easy to verify that if (11) holds, this shifted system is also weakly controllable. Stability means that all signals in this system should remain bounded. In other words, we have to prove that there exist finite values z max , w max , such that
Now consider the uncertain (switching) MPL system (15)- (16) satisfying Assumption A1, for the input signal (ℓ,m) ] ij ), then by (15) we have
where we use the fact that [Ā ρ ] ij (k) ≤ 0 because of (14). Hence
This means that all entries of the shifted state z(k) have a non-increasing signal z max (k) as an upper bound. Now again consider the uncertain (switching) MPL system (15)-(16) satisfying Assumption A1, for the input signal
Recall that the shifted system is controllable. This implies that there is an N such that
is finite. A lower bound for γ i can be found by taking the α to be the smallest possible finite entry of all the matrices A ρ (k + m) and β to be the smallest possible finite entry of all possible matricesB(k + m). Then
is finite. By successive substitution we find that for any m ≥ N there holds
We conclude that after N event steps we have a lower bound for our shifted state z(k). Letc max andc min be the largest and the smallest finite values ofC (ℓ,m) , ∀ℓ, m, respectively. Now from (16) it follows that
and so after N event steps w(k) will be bounded by 
subject to u(k+j) − u(k+j −1) ≥ 0 for j = 0, . . . , N p −1
| u(k+j) − ρ (k−j) | ≤ v max for j = 0, . . . , N p −1 (19) 
